Our aim in this paper is to establish some explicit bounds of the unknown function in a certain class of nonlinear dynamic inequalities in two independent variables on time scales which are unbounded above. These on the one hand generalize and on the other hand furnish a handy tool for the study of qualitative as well as quantitative properties of solutions of partial dynamic equations on time scales. Some examples are considered to demonstrate the applications of the results.
Introduction
During the past decade, a number of dynamic inequalities have been established by some authors which are motivated by some applications, for example, when studying the behavior of solutions of certain classes of dynamic equations, the bounds provided by earlier inequalities are inadequate in applications and some new and specific type of dynamic inequalities on time scales are required. The general idea is to prove a result for a dynamic inequality where the domain of the unknown function is a so-called time scale T, which may be an arbitrary closed subset of the real numbers R. In 1, Theorem 6.1 , it is proved that if u, f, and p ∈ C rd and p ∈ R , then u Δ t ≤ f t p t u t , ∀t ∈ t 0 , ∞ T , where R : {f ∈ R : 1 μ t f t > 0, t ∈ T} and R is the class of rd-continuous and regressive functions. A function f : T → R is said to be right-dense continuous rd-continuous provided f is continuous at right-dense points and at left-dense points in T, left-hand limits exist and are finite. The set of all such rd-continuous functions is denoted by C rd T . The graininess function μ for a time scale T is defined by μ t : σ t − t, and, for any function f : T → R, the notation f σ t denotes f σ t , where σ t is the forward jump operator defined by σ t : inf{s ∈ T : s > t}. We say that a function f : T → R is regressive provided 1 μ t f t / 0, t ∈ T. The set of all regressive functions on a time scale T forms an Abelian group under the addition ⊕ defined by p ⊕ q : p q μpq. Throughout this paper, we will assume that sup T ∞ and define the time scale interval t 0 , ∞ T by t 0 , ∞ T : t 0 , ∞ ∩ T. 
1.5
The book on the subject of time scales by Bohner and Peterson 1 summarizes and organizes much of time scale calculus. The three most popular examples of calculus on time scales are differential calculus, difference calculus, and quantum calculus see 2 , that is, when T R, T N, and T q N 0 {q t : t ∈ N 0 }, where q > 1. In this paper, we will refer to the delta integral which we can define as follows: If Let T 1 and T 2 be two time scales with at least two points, and consider the time scale intervals Ω 1 t 0 , ∞ ∩ T 1 and Ω 2 s 0 , ∞ ∩ T 2 for t 0 ∈ T 1 and s 0 ∈ T 2 . Let σ 1 , ρ 1 , Δ 1 and σ 2 , ρ 2 , Δ 2 denote the forward jump operators, backward jump operators, and the delta differentiation operator, respectively, on T 1 and T 2 . We say that a real valued function f on
In this case, we say f Δ 1 t, s is the partial delta derivative of f t, s at t. We say that a real valued function f on T 1 ×T 2 at t, s ∈ Ω 1 ×Ω 2 has a Δ 2 partial derivative f Δ 2 t, s with respect to s if for each > 0 there exists a neighborhood U s of s such that
In this case, we say f Δ 2 t, s is the partial delta derivative of f t, s at s. The function f is called rd-continuous in t if for every α 2 ∈ T 2 the function f t, α 2 is rd-continuous on T 1 . The function f is called rd-continuous in s if for every α 1 ∈ T 1 the function f α 1 , s is rdcontinuous on T 2 . Now, we are ready to present some results for dynamic inequalities in two independent variables on times scales which are related to the main results in our paper. 
1.14
In this paper, we are concerned with bounds of the double integral nonlinear dynamic inequality in two independent variables
15 , we will assume the following hypotheses:
, f, and g are rd-continuous positive functions on
α, δ, λ, and γ are positive constants.
1.16
The main aim in this paper is to establish some explicit bounds of the unknown function u t, s of the inequality 1.15 . Our results not only complement the results in 18, 19 but also improve the results in 19 , in the sense that the results can be applied in the cases Discrete Dynamics in Nature and Society 5 when γ ≤ 1. The main results will be proved by employing the Bernoulli inequality 20, Bernoulli's inequality :
the Young inequality 20 :
and the algebraic inequalities 20 :
Some examples are considered to illustrate the main results.
Main Results
Before, we stated and proved the main results and we proved some Lemmas which play important roles in the proofs of the main results. We will assume that the equations or the inequalities possess such nontrivial solutions. 
Proof. The proof is by induction and similar to the proof of Theorem 6.9 in 1 and hence is omitted. 
2.19
This implies that 
2.20
Discrete Dynamics in Nature and Society 
ΔηΔτ.
2.30
This implies that
2.31
for t, s ∈ Ω. Now, an application of Lemma 2.2 with n 2, g 1 y y λ δ/γ , and g 2 y y λ α/γ gives that y t, s < w t, s , for t, s ∈ Ω, 2.32
where w t, s solves the initial value problem 2.23 . Substituting 2.32 into 2.26 , we obtain the desired inequality 2.22 . The proof is complete.
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As in the proof of Theorem 2.3 by employing the inequality 1.20 instead of the inequality 1.19 , we can obtain an explicit bound for u t when 0 ≤ λ ≤ 1. This will be presented below in Theorem 2.5 without proof since the proof is similar to the proof of Theorem 2.3. For simplicity, we introduce the following notations: 
In the following, we apply the Young inequality 1.18 to find a new explicit upper bound for u t of 2.8 when λ ≥ 1 and 0 ≤ λ ≤ 1. First, we consider the case when λ ≥ 1 and assume that λ α/γ < 1 and λ δ/γ < 1. Theorem 2.6. Let T be an unbounded time scale with t 0 , s 0 ∈ T × T. Assume that H holds, γ, λ ≥ 1 and α, δ ≤ γ such that λα/γ < 1 and λδ/γ < 1. 
Again applying the Young inequality 1.18 on the term G 2 y λ α/γ with q γ/λα > 1 and p γ/ γ − λα > 1, we see that 
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